Abstract. Let f (x) be a formal power series with coefficients in the field k and let n ≥ 1. We define the notion of n-transcendence of f (x) over k and, more generally, the stable transcendence function d k (f (x), n). It is shown that, if k has prime characteristic p, this function determines the minimal Krull dimen- 
Introduction
In this paper we introduce the notion of n-transcendence (where n is a positive integer) of a formal power series f (x) over a field k and the stable transcendence function d k (f (x), n). It is shown that if k has prime characteristic p then, for suitable f (x), this function evaluates to the minimal Krull dimension d k (G) of the universal modular "Galois-algebras" of a finite elementary Abelian p-group G of order p n (see Theorem 5.1). Universal algebras were introduced in [5] as the weakly initial objects in the category of all Galois-algebras of G and it was shown there that every such algebra can be obtained from any universal one simply by "extending the invariant ring" (see [5] , Lemma 2.4). Apart from the application mentioned above, we believe that the general notion of n-transcendence and the Date: March 19, 2018.
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function d k (f (x), n) should be of independent interest in algebra.
In Section 2 we therefore prove a number of theorems concerning these concepts for general k. In particular, we show that if k has characteristic zero and f (x)
is not a polynomial then f (x) is always n-transcendental over k. We discuss the plausible conjecture that this is still the case if k = F p and show that it fails for proper extension fields.
In section 3 we study an interesting special class of formal power series, the "roots" of the generalized Artin-Schreier polynomials, which play a particularly important role in the case when k has prime characteristic p.
In Section 4 we turn our attention to the universal Galois-algebras. In particular we discuss the fundamental conjecture that if k = F p then d k (G) = n where G is a finite group of order p n . For general k, d k (G) is always bounded below by the essential dimension e k (G) of G over k (see [7] for the definition) but it seems very challenging to obtain a sharper lower bound.
In section 5 we prove Theorem 5.1 (as highlighted above) and hence relate the two conjectures in sections 2 and 4. Finally, we prove a theorem which provides the most striking evidence we have at present in direct support of these conjectures.
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n-Transcendence
We investigate a special case of the general problem of the stability of algebraic independence of formal power series under "polynomial perturbation"
which turns out to be closely connected to Conjecture 4.11 in the case when G is elementary Abelian (see Section 4) . Throughout this section k will be a field,
, n ≥ 1 an integer and p a prime number.
Definition 2.1 (n-transcendental). The power series f (x) is said to be n-transcendental over k if the n power series in n variables,
f (x i ) + P i (x 1 , x 2 , . . . , x n ) ∈ k[[x 1 , x 2 , . . . x n ]] (1 ≤ i ≤ n), are algebraically independent over k for all choices of polynomials P i (x 1 , x 2 , . . . , x n ) ∈ k[x 1 , x 2 , . . . , x n ].
STABLE TRANSCENDENCE AND ARTIN-SCHREIER POLYNOMIALS 3
More generally, we let d k (f (x), n) denote the minimum possible transcendence degree over k of any field of the form
is subadditive in n and so in particular lim n→∞
Remarks 2.2. It is clear from the definition that:
(2) The property of n-transcendence over k is stable under "polynomial perturbation".
(3) The power series f (x) is 1-transcendental over k if and only if it is not a polynomial.
then it is n-transcendental over k (since "polynomial perturbations" of the f (x i ) are algebraically independent over k(x 1 , x 2 , . . . , x n ) and so over k).
.., n were not algebraically independent over k, then so would be f (
The following lemma will be needed in the proof of Theorem 2.4: with (a(x), b(x)) = R[x]. Then there is no equation of the form (*)
. . , x n ] and each µ i , λ j is a natural number.
Proof. Suppose otherwise so that, for some minimal n ≥ 1 and some ring R, there exists such an equation (*). Clearly n > 1 for otherwise we have a(
. Now divide equation (*) by b(x 1 ) λ 1 and then reduce it modulo b(x 1 ). We hence obtain an equation of the form (*) but now with n replaced by n − 1 and
), the required contradiction to the minimality of n. Note that a(x 1 ) reduces to an invertible element of R ′ .
at the prime ideal (x).
Theorem 2.4 (Rational Functions
with leading monomial X 
We must derive a contradiction from this. Now multiply equation (+) by 
. Then clearly α ∈ I and, by (*) above, α − 1 ∈ I, the required contradiction since I is a proper
Theorem 2.9 (n-transcendence in characteristic zero). If k has characteristic zero and f (x) is not a polynomial then f (x) is n-transcendental over k.
and so the result follows from Theorem 2.8.
We next consider the case when k is finite:
Proposition 2.10 (Integrality). Let k be a finite field of order q. Suppose that
(with lex ordering). Suppose further that P (f (
. . , x n )) = 0 (*). We need to show that
Now substitute x i = x q m i for 1 ≤ i ≤ n into (*) above where we choose a suitably rapidly increasing sequence of positive integers m n , m n−1 , . . . , m 1 in turn to demonstrate the required integrality of f (x).
Remark 2.11. As Theorem 2.9 shows, Proposition 2.10 also holds if k has characteristic zero and may indeed hold for an arbitrary field k.
transcendental over k (see Remark 2.2(4) and Theorem 2.4).
Definition 2.12. Let q be an integer with q > 1. Then we define the power series
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Theorem 2.13 (n-transcendence over a finite field). Suppose that k is a finite field of order p m and f (x) is not a polynomial. Suppose further that f (x) is not n-transcendental over k (where n > 1). Then either
and is n-transcendental over k, or
. Note that
Proof. Recall from Theorem 2.8 and Proposition 2.10 that
. Without loss of generality we may suppose that f (x) and all the subsequently constructed series have zero constant term. Then
where
over k we stop and note that by Proposition 2.10, f 0 (x) p and therefore f 0 (x) is integral. Otherwise f 0 (x) is not n-transcendental over k, in which case we repeat this procedure with f (x) replaced by f 0 (x). Continuing in this way we eventually find that either f (x) has the first form given in the theorem or
Hence by [13] , Corollary 5.4 the k-vector space Ω(f ) is finite dimensional, where Ω(f ) denotes the orbit of f under the semigroup generated by certain operators E i defined in [12] . In the present case we have:
Since k is a finite field and Ω(f ) is finite-dimensional, the set Ω(f ) is finite,
and so Q i+r (x) = Q i+r+s (x), since each Q j (x) has no exponent divisible by p.
Therefore the series (Q j ) j≥r is periodic of period s. Hence f (x) has the second form given in the theorem since the power series F p s (x) is additive.
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Remarks 2.14. Suppose that k has prime characteristic p.
p is. If the converse also holds then the first possibility in Theorem 2.13 would be ruled out.
(2) Let s ≥ 1 and r ≥ 1. If F p s (x) is n-transcendental over k then so is
. If the converse also holds then the second possibility in Theorem 2.13 would be ruled out if and only if F p (x) is n-transcendental over k (by remark (2) just above) and the first possibility in Theorem 2.13
Hence it is enough to show that the n polynomials X i = t
without loss of generality we suppose that each Q i has zero constant term).
The result is now clear if p m < r by considering lowest degree terms. We don't know whether or not g(x) is still always n-transcendental over k if
(2) Suppose that r = −1. Then g(x) is rational but not polynomial and so is n-transcendental over k by Theorem 2.4.
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and so is ntranscendental over k by Proposition 2.10 at least if k is finite.
The following conjecture is plausible by Theorem 5.5 below. It would also imply 
Remark 2.17. The conjecture is certainly false if k strictly contains F p . For example, in this case
If n = 2 then we have the following positive result:
We must show that A(x, y) and B(x, y) are algebraically independent over F p s .
Suppose otherwise. (H)
Put S = F p s [A, B] ⊆ R and let T be the integral closure of S in R. Then, by hypothesis (H), S is a one-dimensional affine algebra. Since T is an integral extension thereof, it is also one dimensional (see [11] , Ex. 9.2, pg. 69). It then
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for all (α, β) ∈ G. Then (α, β)(A) = A + α and (α, β)(B) = B + β, so G acts faithfully on S and therefore also on T = F p s [t] . Now if g ∈ G then g(t) = λ g t+µ g with λ g ∈ F * p s and µ g ∈ F p s . Since g p = 1 G it follows that λ g = 1 and therefore the map g → µ g must be injective, so |G| ≤ |F p s | = p s , a contradiction to the definition of G. So the hypothesis (H) is false.
Generalized Artin-Schreier Polynomials
We now consider a class of formal power series f (x) where the function
can be calculated entirely in terms of rational functions and f (x) is "potentially" not n-transcendental over k (see Theorem 3.5). Throughout this section, k denotes a field of prime characteristic p > 0 and
] is a formal power series with zero constant term. We say that the series f (x) satisfies
"given M > 0, there are only finitely many exponents j with f j = 0 and p-adic
We now characterize all series f (x) which satisfy Property (P) and are algebraic over k(x):
is said to be a generalized Artin-Schreier polynomial (AS-polynomial).
Further f (x) satisfies property (P) and is integral over
Proof. Without loss of generality we may clearly suppose that θ 0 = 1. Define 
] is a root of the Artin-Schreier polynomial and uniquely determined. It also satisfies property (P), because each
Thus, for example, T p s − T + x has root F p s (x) (see Definition 2.12). We now prove a converse to Theorem 3.2:
and satisfies property (P). Then the series f (x) is a root of a generalized ArtinSchreier polynomial, that is (E):
where each θ m ∈ k with θ 0 = 0.
Proof. Without loss of generality we may suppose that k is perfect: indeed, let
satisfying (P). Then f (x) ∈ xk per [[x]] satisfying (P). By the assumption there is an AS polynomial Θ :=
T ] with Θ(x, f (x)) = 0 and
. Hence Θ b (x, f (x)) = 0 for all b ∈ B and at least one has "θ 0 = 0".
So we now assume that k is perfect. Since f (x) satisfies property (P),
has no exponent (with non-zero coefficient) appearing which is divisible by p. Now, for each m ≥ 0, put
. Then, since f (x) is algebraic over k(x), it follows from 
(say) with φ 0 = 0, and so f (x) is a root of a generalized Artin-Schreier polynomial, as required.
In the situation of Theorem 3.3, for each n ≥ 1, we can calculate
entirely in terms of rational functions: 
, n) is the minimum possible transcendence degree over k of any field of the form k(h(x 1 ) + φ(P 1 ), h(x 2 ) + φ(P 2 ), . . . , h(x n ) + φ(P n ))
If, further, h(x) = cx where c ∈ k with c = 0, then, putting y i = φ(x i ) for
, n) is the minimum possible transcendence degree over k of any field of the form k(
h(x). The first result now follows from Definition 2.1. Now assume that h(x) = cx
where we set x Theorem 3.5. Suppose that k is a perfect field of prime characteristic p and
is not a polynomial. Suppose further that f (x) is not n-transcendental over k (where n > 1). Then either
algebraic over k(x) and is n-transcendental over k or
is a root of a generalized Artin-Schreier polynomial.
Proof. We follow the proof of Theorem 2.13 (1) and (2) . By Remark 2.2 4. f (x) is algebraic; in case (1) this implies that g(x) is algebraic. In case (2) the proof shows that f (x) has the form
and no exponent divisible by p, so f (x) has property (P) and hence by Theorem 3.3 is a root of a generalized Artin-Schreier polynomial.
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Remark 3.6. Suppose that k is finite. Then we may assume that the equation
For we may first suppose that φ 0 = 0 and φ N = 1.
is a monic and separable "p-polynomial" (see [10] , Chapter 3, Section 4). Hence φ(T ) has distinct roots V (say) in a splitting field K ⊇ k where
is a p-polynomial and further it follows easily that D(T ) = D W (φ(T )) (a "symbolic product" of ppolynomials; see [10] , Chapter 3, Section 4).
Since φ(f (x)) = h(x) we therefore have that
(say) where R(x) ∈ xk[x] (see also Theorem 2.13 (2)).
Universal Algebras
We now consider an outstanding conjecture concerning "non-linear" modular representations of finite p-groups: Let k be a field of prime characteristic p and let G be a finite p-group of order p n (n ≥ 1). We recall some results from [2] , [3] , [4] and [5] :
Definition 4.1 (Trace-Surjective Algebras). Let A be a finitely generated kalgebra (commutative with identity element 1) together with a faithful action of G on A. Then A is said to be trace-surjective if there exists w ∈ A such that tr G (w) := g∈G g(w) = 1. Equivalently A is a Galois extension of the invariant ring A G := {a ∈ A | g(a) = a for all g ∈ G} (see [2] , Proposition 4.4). where v ∈ V G \ {0} with v m = tr G (f ) for some f ∈ S(V ) and m ≥ 1.
Only for relatively few groups G will there be such an "almost linear" A defined over F p and with Krull dimension as low as n (see [3] ).
Then A is a polynomial k-algebra of Krull dimension n with faithful G-action. This action is non-linear (but "triangular"), it is defined over F p and the invariant ring A G is also polynomial (see [2, 3, 4, 5] ). For example:
denotes the reduction modulo p of the polynomial
. This follows directly from Remark 4.2, the von Staudt-Clausen theorem and the basic difference equation for the Bernoulli polynomials (see [8] , Chapter 2).
We do not know whether or not U k (G) is the only trace-surjective polynomial k-algebra U of dimension n which is "triangular" in the sense of Proposition 4.7.
However it follows easily from [5] , Proposition 2.9 that its tensor square U ⊗ k U is independent of the choice of U .
Definition 4.4.
A trace-surjective algebra A 0 is said to be universal if whenever
A is a trace-surjective algebra there is a G-equivariant k-algebra homomorphism
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Remark 4.5. In the standard categorical terminology such an algebra A 0 would be described as being "weakly initial" rather than "universal". However here it carries rather more than usual significance since it can be shown that A is isomorphic to
, the proof of Theorem 1.2). In particular the minimal number m k (G) of generators for A 0 as an A G 0 -algebra is independent of the choice of universal algebra A 0 and every trace-surjective algebra A can be generated as an
, we obtain an explicit "structure theorem" for A (see [2] , Theorem 1.2). For example this recovers the Artin-Schreier theorem in the case when G is cyclic of order p and A G = k. (2) and (3) The following Proposition provides a ready source of universal algebras:
universal if the action of G on A 0 is "triangular" in the sense that g(
Proof. This follows directly from Proposition 2.9, Theorem 2.11 and Theorem 2.13 of [5] . Remark 4.8. As noted above the invariant ring U k (G) G is actually polynomial.
We also conjecture that the invariant ring (S(V )/(v − 1)) G is always polynomial which is certainly the case if either G is cyclic or V is a free kG-module (see [4] , Theorems 4 and 5). Note however that not every "stably polynomial" k-algebra is polynomial (see [6] ).
Definition 4.9. We denote by d k (G) the minimum value of the Krull dimension of a universal algebra A 0 .
Remarks 4.10.
(1) Thus d k (G) ≤ n since the universal (polynomial) algebra U k (G) has Krull dimension n.
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(2) Clearly we may restrict attention to trace-surjective subalgebras A 0 of U k (G) (or of any other fixed universal algebra) which are themselves necessarily universal.
U k (G) is universal for H and any trace-surjective k-subalgebra for G is also trace-surjective for H.
It can be shown that d k (G) is always bounded below by the essential dimension e k (G) of G over k and further if G is elementary Abelian then e k (G) ≤ 2 (see [5] , section 4). However, based on the evidence presently available, we venture to make the following sharp conjecture in the case when k = F p .
Conjecture 4.11 (Krull Dimension
achieved by the universal polynomial algebra U k (G) as above).
Remarks 4.12.
(1) If G is elementary Abelian then the conjecture implies a substantial difference between d k (G) and e k (G). We consider this important special case in Section 5.
(2) Conjecture 4.11 is true for n ≤ 2 (see Proposition 4.14 and [5] , section 4).
(3) If, as is conjectured (see [9] ), the essential dimension e Fp (G) over F p of a cyclic group G of order p n is equal to n then Conjecture 4.11 holds for G.
(4) If we restrict consideration to universal algebras A 0 which are polynomial then the conjecture is true. More generally if k = F p then any universal algebra requires at least n k-algebra generators ( see [2] , Proposition 5.5).
(5) The conjecture would certainly be false if k were to contain F p strictly. For example if G is elementary Abelian and |k| ≥ p n then we have a universal
is an injective group homomorphism (see Remark 2.17 and Theorem 5.3
and also [5] , Theorem 3.15). Hence d k (G) = 1.
We will need the following Lemma below and in Section 5:
Lemma 4.13. The minimal Krull dimension of a trace-surjective k-subalgebra
Further A can be taken to be of the form θ(U k (G)) where
is a G-equivariant k-algebra homomorphism. In particular d k (G) = n if and only if every such θ is injective.
less than n. On the other hand if A is universal of Krull dimension d < n then we have G-equivariant k-algebra homomorphisms θ : U k (G) −→ A and
and the Krull dimension of (φ • θ)(U k (G)) is at most d. The result now follows from Remarks 4.10, (1) and (2).
We conclude this section with a characterization of the pairs G, k for which d k (G) = 1 thereby confirming the truth of Conjecture 4.11 when n = 2:
Proposition 4.14. The following conditions are equivalent: there is a trace-surjective k-subalgebra A of U k (G) with Krull dimension one. Let B be the integral closure of A in the polynomial ring U k (G). In the same way as in the proof of Proposition 2.18 we see that B is a trace-surjective k-subalgebra
The faithful action of G on B is given by g(t) = λ g t + µ g where λ g ∈ k * and µ g ∈ k for all g ∈ G. Since G is a p-group λ g = 1 for all g ∈ G. Therefore the mapping ψ : (G, .) −→ (k, +), given by putting ψ(g) = µ g for all g ∈ G, is an injective group homomorphism and so condition (1) implies condition (2), as required.
A Link between the Conjectures when G is elementary Abelian
Let k be a field of prime characteristic p and let G be an elementary Abelian p-group of order p n (n ≥ 1).
G (and conversely). Consider the inclusion of
where each x i = F p (X i ) and so
. . , X n ). The result now follows directly from Definition 2.1 and the proof of Lemma 4.13. is also n-transcendental over k for all s ≥ 1 (see Remark 2.14 (2)).
We conclude by showing that if k = F p then F p (x) is at least n-transcendental (1) all the P i (x 1 , x 2 , . . . , x n ) have degree at most one or (2) all the P i (x 1 , x 2 , . . . , x n ) have no non-zero terms of degree one. Then X 1 , X 2 , . . . , X n are algebraically independent over F p .
Proof. Without loss of generality we may clearly suppose that all the polynomials 
